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MODELING OF FLUID FLOW IN PIPELINE AND THE DIFFERENCE SCHEME
STABILITY INVESTIGATIONS
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A mathematical model of viscous fluid flow in thigepine with the presence of flow across the stegfand the
narrowing of pipeline section, which is based osyatem of Navier-Stokes equations in two-dimenbkiestangular
region with a special type of boundary conditioas been designed. The geometric configurationefahkage zone
is taken into the account. It is believed that tluid motion is under the influence of constantgiénof pressure
difference. For the solving of this system, the enical method of finite differences was developgavhich the finite
differences scheme is realized — the first stefmiglicit in longitudinal coordinate, and the secordon the
transversal. The study on the stability of the s éeatures method, stability conditions are dditshed for the case
of flow calculation with specified parameters arad the given type of the pipeline geometry. Théedan of
numerical stability is presented taking to accotive model’'s parameters.

Keywords: Navier-Stokes system, boundary comdifipipeline’s section narrowing, low leakage, weuical
method, stability, spectrum characteristics of gigh

Ilobyoosano mamemamuuny mooens meuii 6 A3xK0i piounu 6 mpybonposooi 3a HAA6HOCI NepemikanHs piouHu
yepe3z NOBEPXHIO MA 38YIHCEHHS NONEPEUH020 nepepisy, ska basyemvcs na cucmemi pienans Hag ¢ — Cmoxca 6
080GUMIDHITL NPAMOKYMHIN CUCMeEMI KOOPOUHAM 31 CneyiaibHuM Munom SpanuyHux ymos. Bpaxoeano npocmopogy
KOHGhieypayito 30 nepemikanHs. Pyx piounu 300icHIOEMbC ni0 0i€r0 NOCMIUHO20 Nepenady MucKy no O008XHCUHL
mpyou. [us po3s’azamnns 3a0a4i GUKOPUCTNAHO MEMOO CKIHYEHUX DI3HUYb, Po3pOOIEHO HYUCENbHUU Memoo o020
peanizayii — nepwiuti Kpox imepayitinoeo npoyecy 30IilCHIOEMbC N0 NOB3006JICHIU, Opyeull — Nno NonepeyHiil
KoopOunamax. Busuenns cmitikocmi npo8oOUmsCsi 3a CHeKMpPAaiIbHOIO 03HAKOIO, 6CMAHOGILEHO YMOBU CIMILIKOCMI 05l
PO3DAXyHKYy meuil 31 cneyiaibHUMUu napamempamu i O 3a0ano2o muny eeomempii mpyou. Kpumepii cmitikocmi
PO3DAXYHKIG NPEOCMAGILEHO 3 YPAXYEAHHAM NAPAMEMpPIE MOOeJi.

Kniouosi cnosa: cucmema Hag ¢ — Cmokca, epanuuni ymosu, 36ysicenis nepepizy mpyou, nepemikanns piouHu,
yucenbHUll Menmoo, CReKMpPAIbHA 03HAKA CMIIKOCMI.

Ilocmpoeno  mamemamuyeckylo  MoOeib MedeHusi 6:A3KOU JHCUOKOCMU 8 mpybonposode npu  HATUYUU
nepemeKanust HCUOKOCMU Hepe3 NOBEPXHOCHIb U CYICEHUsT NONEePEeUH020 CeYeHusl, OCHOBAHHA HA UCHOIb308AHUU
o08yxmepnou cucmeme ypaenenuii Hasve — Cmokca 8 npamoy2oibHOU cucmeme KOOpOUHAM o CHEeYUANTbHbIM MUNOM
SPaHuYHUX YCRoull. Yumena npocmpancmeennas Kouueypayus 30 nepemexauus. Jleuoicenue HcuoKocmu
00YCN08NIEHO NOCMOAHHLIM Nepenacom O0asieHusi no Onuxe mpyovl. s peuwienus 3a0ayu UCNOIL3YEMCS Memoo
KOHEYHUX pI3HOCmel, CO30aH YUCIEHHbIN Memood e20 peamu3ayuu — Nepeyli waz UmepayuoHHo20 npoyeccd
ocywecmeanaemcs no npooobHOl, MOPoL — nO NONepedHol Koopounamax. Hsyuenue ycmouuugocmu npo8ooOUmcs ¢
UCHONBL30BAHUM CHEKMPATLHO20 NPUSHAKA YCMOUYUBOCMU, YCMAHOGIEHbL YCI06U YCMOUYUGoCmu O pacyéma
MmeyeHull Co CneyudarbHbIMU napamempamu u Oist OaHHO20 muna ceomempuu mpyovi. Kpumepuu ycmouuugocmu
npeocmasienvl ¢ yuémom napamempos Mooeu.

Kniouesvie cnosa: cucmema Hasve — Cmokca, epanuunvle yCiosus, cydcenue ceyenus mpyool, nepemexanue
JHCUOKOCIU, HUCTEHHBIT MEMOO, CHEeKMPATbHbIN NPUSHAK YCIMOUYUBOCU.

The investigaton of flow in the pipeline with
| ntroduction narrowing section is very important too/ This
ucti problems are solved by experimental methods [1-
In the study of actual piping systems, whicl/]; however, a significant interest lies in the
can be considered as the element of unit transpadestion of the use of mathematical methods for
system, one of the most important issues of cbntrodeling of these processes. These methods make
of their technical condition is to detect smallkga it possible to explore a wide class of phenomena
of products transported, as they cause substangld processes, which are accompanied by small

economic losses and threats to the environmefgakage products. In some cases [8, 9], it is ptessi
to obtain analytical solutions to the problem ofdl
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flow in the regions with different geometric

configurations, but in most practical problemssit (5, v, v 20y,

necessary to use numerical methods for solving the;- + VLV, _T:_Ea_rw Ay _r_z_r_zﬁ ;
0

issues of such kind. This is because the real®
technical systems have a complex spatialdy,
configuration, and often correct formulation of
boundary conditions is either impossible or can
made only in approximate form and size of the aregV, , ;- 10p
in which the researches require the construction ofat T por
difference schemes with fixed parameters of th P
significant volume calculations nets. For a lon __+_1ﬁ+%:o
time, this problem could not be resolved due to thep or r o oz
limited capabilities of the computer systems. of 1 of of
Modern computing capabilities allow thewhere Of =i — +1. =— +i_
implementation of sophisticated mathematical “or °r b ‘oz
models that use a system of Navier-Stokes 2 2

: . 10/ of 10r  o°f
equations to solve practical problems forAf =——(r—j =t
engineering systems [10, 11]. The actual problemof ror\ o ) r-o¢° & o
estimating parameters of the flow, the universalithe operator gradient and operator Laplacian in the
of mathematical models, and models of viscougylindrical coordinate system. The system (1) can
fluid flow in particular allows to apply them notbe written in a simpler form by the following
only to study of the type of trunk pipeline systemgassumptions:

— accordingly is

which is the main part of the proposed article, but — from a three-dimensional cylindrical
also for diagnosing the origins of technologicagoordinate system (1) a transiton to a two-
pipelines for different purposes used in carglimensional Cartesian system - one of the

reactors, utilities, etc. In this paper, the moftel coordinates is chosen according to the pipe length,
flow in a pipeline with the presence of producénd the other —according to its cut;

leaks is constructed, which includes a system of _— the behavior of the flow in a rectangular
equations, boundary conditions and the specitggion in the presence of defects is studied; ey
conditions for the  variation of pressure, andhodeled as zones of leakage through the surface of
difference scheme for this system is implementethe pipe; _ . .

the computational algorithm is build that examines — a three-dimensional effects are not taken into
the stability of difference schemes for a givethe account — similar to Poiseuille flow, and the
performance liquid that is transported. It is pblesi transient nature of the process is not taken imo t

to connect the industrial objects  technicafccount as well. _
diagnostics problem with the “problem of the In this case, the system of Navier-Stokes
corresponding mathematical models stability — a&fluations is written in the following form:

usual, diagnostics task can be formulated as
mathematical model (equation, the system of| ou_ . du_ 1 dp.  (0%u, d°u),
equation etc.) with initial and boundary conditions Y75, ay p * a_x2+W ’
which are small disturbed - the great disturbances

can lead to the loss of the model's adequacy [13] ov. ov_ 1 9p (52 v, 92 Vj_
p

— 4+ V— —+t—
ox  dy dy |0xX oy (2)
Simulation of the Viscous Fluid Flow in the ou ov
Pipe under the Steady Pressure Drop &Jfa/ =0.
~ The system of Navier-Stokes equations in
primitive variables. When modeling the flow of a It is believed that the pressure along the
viscous fluid through pipes in the generalength of the pipe varies linearly:
formulation, the system of Navier-Stokes equations p=p, - kx, 3)
in a cylindrical coordinate system is used [8]: where k — coefficient of pressure drop. The

method of solving the Navier-Stokes equations,
which is used in the implementation of the
components of the velocity vectar and v, is
called the method of solution using primitive
variables [10]. The assumption (3) corresponds to
the real cause of liquid transportation in indagtri
pipelines.
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Boundary conditions. It is believed that the

current area — rectangle, generally speaking, is of ,n_ n U™t — gt 1
infinite length — thus, the cylindrical pipe isu? - Moy —m L= =+
modeled; x — longitudinal coordinate,y - Ax 20y p
transverse, in fact, along the pipe diameter. +v[u:1+1 —o2u + urr)n—lJ ( url - 20T+ umj
X Ay? ’
x=0 a0 ur,:]VmA_V;]_,_Vrr;]Vr:wlz;\/:ﬂ:_l?_'_ )
X
U= U] 2 =0 PR
(4) Vi =2V * Vg Vs =2V + Vi |.
V0 =V y=0=0; AX Ay
2R:{O,xsxl,xz % Un™ —Up _ _ mj—v‘nﬂ_
T Meao XOI% 1], DX 20y
where [x,x] — piece of leakage, arbitrary

. : . : . With the aim of taking into the account all of
configuration of leaks zones in length and intensitihe system equations after the pressure value is

sources is possiblgr — dynamic viscosity of the gjven'by (3) and is a known as a function of the
product transportedR — pipe radius;p — product longitudinal coordinate, the third equation of
density. It is believed that whexn=0, the flow of System (6) is substituted into the second one, and
fluid through the pipe is accurately described iy t then it acquires the following form:

Poiseuille flow model [8];u/ p=v — kinematic
[]U p Vn+1_vn r]urH-l_un _1ap+

viscosity; V,,,, — rate of fluid leakage through theyn “m m_ m —
pipe surface, which can change the sign depending X 20X p oy
on the type overflow. VI o2\ 4 Vo2Vt
Difference schemes for the Navier-Stokes V| = 2 |V Y :
system
The solution of (2) with boundary conditions Reallz.atlon of computational algorlthm
(3) is performed by the method of finite differeace Equations of the system (6) are written as a

where variables are selectedAx— step in System of equations with a three diagonal matrix,
longitudinal coordinate,Ay— step in transverse that allows the application of the sweep method for

coordinate.Ax and Ay can be changed in time or'tS decision [12]:
in space/ To replace their original counterpatts,

following difference-based dependencies are used,,( V" Y maf ULV 2

121: Uy | —=———— |+ M+ — |+
[12]: ™ 2ay AY ) "™ lAx AR AY
a_u:urr:l_u:] ﬂ/z\frﬁl—\fﬁn. y vl v __1k+(u:1)2+v eIt

0X Ax  0X AX ™ 20y Ay P AX AX )

QU _ Upa = Uy OV Vi Vo, R R G I YA I G I 00
oy 20y 9y 2Dy ™Ay ) M Ax AR Ay ™ Ay )

2 n+l n n-1 2 1 1
0U _Uy —2u,+ Uy ,6_\/: Vi = 2Vt V:]; (5) __1ap+(urr,',)(vg)+ Vot = 2vp ) L Ut U

aXz AXZ aXZ AXZ - Ea_y AX v AXZ Vm AX ’
0%u _uMt-2ur +utt 9%y _ VIt -2v 4+ Vit o _
a—yz— Ay ’W_ XY ; The coefficients of the system of equations

with a three diagonal matrix are written in the

difference analogues (4) are used to the system (B9llowing way:
the following difference equation analogues are
received:
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Stability Investigation of the Difference

dog-tn V. g U VvV N Scheme
" 20y Ay Ax AX Ay Stability investigation of difference schemes is
V" v carried out by the spectral feature of stabilit2][1
fl=—mo - . (8) Since the first two equations (6) are almost
20y Ay identical, the stability investigation is carriedito
2 -1 n only for the first equation. The peculiarity of the
bt =—£k+ (un) +V Un —2U, spectral features is that the Navier-Stokes system
" P AX AX non-linear, so it is necessary to use the prinayble

— for component, frozen coefficients, whereby the coefficients od th
P system (6) must be constant. With the
implementation of frozen coefficients method, the

Y Ur v . 2v v n o :
d?=-—: @=—m__* 4 =& . f2-__" . componentu; is written as:
mAY & Ax AX Ay " Ay ”;

n\ [ ur =A"e’. 11
eotom (0)0a), eto2e), @ Mo
" ody Ax IN% The stability condition of difference scheme

can be written as:

ntl _ ,n

" AX For the first equation of (5):
— for component . TV ST L
It is necessary to keep the information about Up, Ax + Vi, N
and v values on two layers on a coordinate xaf y
n-1 and n; values of speed on a layer+1 are umt—2ut + Ut url—2utt+ Ut
determined in the process of solving the =V ol Vv A2 ,
problem. For formulate the problem in more X y
compact form an overhead index is cast aside, _
whereupon we receive: using the notation:
_ JAVS A v
d,u,,+eu.+ fu,=Db. A_:p;ur';:U:A'E:V: Ba:g(lz)

Taking into account the standard assumpti0|f:nye studied equation takes the form:
about linearity of dependence between the

componentsy,_, andu,we receive: A(U::l - Urr;) + BF( Y1 = Lﬂ:i) =

=C(urt-2u+ )+ B -2+ )

um—l = kmum+ Lm

Kl + ALyt €U+ Tl = 0y, The use of characteristic values (12) allows the
f b -d. L selection of those parameters of computational, grid
U, =———"—u,_,, +—0—"1" (10) which provide the stability of computational

d K, + &, d k.t &, scheme. In the view of (11) and Euler’s formula:
= fm . | —ba=dil, €® = cogp + isirp
m+L dk +e’ mL dk+e’ derived by:

2 25 ot —

For solving the system (6) with boundary A()‘ )‘) 2BpA"ising =
conditions (3) the sweep method was twice )
realized, thus, the form of record of boundary :C(A2—2A+1)—4p2)\zsin2—.
conditions allows to take into account the 2
localization of places of liquid source. Direct and  The equation (13) is a quadratic one with the
reverse sweep motion allowed to definandv on complex coefficients. Its roots are determined by
the layer ofn+1, and after the proper reassignmenthe relations:
of values on layers an algorithm repeats oneself.
The amount of steps of iterative process is ) . )
determined by the stability of iterative procedure ~A—2C+,/ A —8BCpisinp + 4 Cp SI?FZ
and necessity of pipeline control of specified\; = 5
length. 2( A- 2Bpising— C+ 4 siﬁE )

(13)

,(14)
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Simulation of the flow in the pipeline with
A—ZC—\/AZ—SBCpiSirﬂH4Cf) siﬁg defects through which the outflow of fluid is
A = 2 (15) conducted for the following flow parameters, the

2= o . pipe geometry, properties of liquids and gases, the
2(A-2Bpising - C+ 4 S'ﬁ% ) linear pressure drop along the length of pipe:
- - the average fluid velocity in the pipeline —
In general, the test conditiond,| <1, [\,|<1 2-8 m/s, the average fluid velocity in the wells fo
requires finding the values oil extraction — 2-5 m/s;
Re\,, Ré,, Im, Im, and testing conditions: - typical rate of low leakage and the overflow
trough the surface — up to 50 cm/s;

. 2 2 — dynamic viscosity of the fluid (water) and
\/(Re)\l)zJ’( Imh, )’ <1; \/( Ré,)"+( Im,) <tfansported technological liquids — 0,001 — 0,01

(16) kglem;
. . ) - kinematic viscosity — 0,000001 — 0,00001
requiring complex mathematical calculationsy/s:
However, in this case, the research of the conditio  "_ characteristics of pressure drop —

(16) is carried out taking into account they —q pg4- q 09€:
characteristic process variables, namely: _ step on thé longitudinal coordinate — 0,08 m;
B=0, C=10°, A=1 (17) - step on the transverse coordinate
From the equation (14) and inequality (16) in - 0,025 m, which corresponds to 1,25 m
such assumptions the following inequality implies: diameter pipe at 50 control points along the

5 . transverse coordinate, this step can be changed
(16-¢)p*+64p°2 0, (18)  in the process of solution.

and from (15), (16) we receive:

Conclusions
2 2
—J1+ep” <1+8p7, (19) According to the results of the conductive
P : , simulation, the following conclusions can be drawn:
whereas €=10". It is obvious that these - the use of Navier-Stokes equations in the

inequalities are performed for all valugs. For form of (2) with boundary conditions (4) allows to
large values of leakage rate the difference scherobtain an adequate physical model that can serve as
requires special research, not only in terms of thebasis for the diagnostic algorithms constructibn
stability calculation; it is necessary to check theetecting the localization of small leaks in the
adequacy of the model (2) — (3) and its relevance pipeline. The condition (3) allows, on the one hand
the physical picture of the process. While solvingo simplify the calculating algorithm; otherwisagt
the current problems of the research for which thg&roblem is reduced to the Poiseuille problem [8], i
following conditions (17), (18) and (19) take placeis necessary to set an initial approximation of the
the estimated grid parameters are chosen with thelocity field and the initial approximation of the
requirements of the accuracy of calculationgressure field, whereas, in this case, it is nergss
because the numerical scheme is absolutely stalite specify only conditions(4);

The calculations for the flows with different kinds - the used difference schemes tested for
of overflow and for the different level of sectionsstability: the case of flow parameters, which $atis
narrowing have been made and gave the godte condition (17), set the absolute stability of
agreement with the correspondent experimentalmerical schemes, however, require further
data. The presented results was applied for the neesearch in the issues of sustainability schemes fo

problems solving: ~which the condition (17) is not satisfied,;
- The flow with the low leakage in pipeline - the future investigation can be devoted to
in the process of the oil transportation; the studying of the correspondence between the

- The complex problem of the harmfulstability of the difference scheme and the stapilit
substance distribution estimation in thef the modelling moving of the real liquid, to the
zone of pipeline receiving the answer on the question — can we sort

- The flow in the drill string with the fluid the numerical scheme instability and the instgbili
injection and variable properties of liquidof the modelling hydrodynamics process.
along the length of the tube;

- The flow of the viscous liquid in the Acknowledgements
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